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Coherence resonance with multiple peaks in a coupled FitzHugh-Nagumo model
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~Received 14 June 2000; revised manuscript received 21 May 2001; published 28 August 2001!

Coherence resonance in a coupled excitable system is studied, through both a computer simulation and a
circuit experiment, using a piecewise linear version of the FitzHugh-Nagumo model. White noise is added to
the first element and spikes are accordingly generated and transmitted to the second element. The mean,
standard deviation, and coefficient of variation of the interspike intervals in the second element have multiple
peaks as the noise strengthens, when the coupling strength is small. This results from the phase locking to the
spikes that the noise generates.
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I. INTRODUCTION

Coherence resonance~stochastic resonance without inp
signals!, i.e., the phenomenon in which the regularity of o
cillation is optimal at an intermediate noise strength, has
cently received considerable attention. Coherence reson
was first found in some limit cycle models@1#, and was
shown to occur in excitable media, e.g., the FitzHug
Nagumo model@2#, the Plant model@3#, the Hodgkin-Huxley
model @4#, monovibrator circuits@5#, and a semiconducto
laser with optical feedback@6#.

The single element models in@2–4# are, however, too
simple to allow the activity of an actual neuron to be studi
Most neurons have complicated shapes, particularly bifu
tion patterns in dendrites and axon terminals. Furtherm
the properties of the nerve membrane, e.g., the density
kind of ion channels, depend on regions in a single cell.
this study, coherence resonance in a coupled FitzHu
Nagumo model@7#, incorporating the spatial distributions o
a nerve cell, is studied through both a computer simulat
and a circuit experiment. White noise is added to the fi
element so that spikes generate in the first element and tr
mit to the second element. When the strength of the coup
between the two elements is small, the spikes may fai
transmit from the first element to the second, as a result
refractory period. This is a simplified model of the propag
tion failures of spikes observed in regions of low safety fa
tor in a nerve fiber, e.g., due to branching or increasing
ameter. Although coupled excitable systems were studie
@5#, spike transmission failures were not considered. The
regularity of spiking in the second element may depend
such transmission failures as well as on the coherence r
nance in the first element.

This paper is organized as follows. In Sec. II, the meth
and results of the computer simulation are shown. Th
kinds of noise are added to the first element in a coup
piecewise linear FitzHugh-Nagumo model, and the spike
the second element are observed. It is shown that the irr
larity of spiking in the second element changes depending
the kind of noise and the strength of the coupling. It is
particular interest that the mean and standard deviation~SD!,
as well as the coefficient of variation~CV!, of the interspike
intervals in the second element have multiple peaks as
noise strengthens, when noise is added to the fast vari
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and the coupling strength is small. Section III shows t
results of an experiment on an analog circuit for the coup
FitzHugh-Nagumo model. Two peaks in the mean, SD, a
CV of the interspike intervals in the second element are a
observed. Finally, the relevance of these results to ne
signal processing, the mechanism that causes the mul
coherence resonance, and the effects of the noise prope
and the form of the nonlinear function in the FitzHug
Nagumo model are discussed in Sec. IV.

II. COMPUTER SIMULATION

In our computer simulation, two piecewise linear versio
of the FitzHugh-Nagumo model with noise are used:

dv1~ t !/dt5D„v2~ t !2v1~ t !…1 f „v1~ t !2s fn~ t !…

2w1~ t !1svn~ t !,

dw1~ t !/dt5«v1~ t !1swn~ t !,

dv2~ t !/dt5D„v1~ t !2v2~ t !…1 f „v2~ t !…2w2~ t !,

dw2~ t !/dt5«v2~ t !, ~«50.01!, ~1!

where D is the strength of coupling,f (v) is a piecewise
linear function,

f ~v !5H 2v @v<a/2#

v2a @a/2,v<~a11!/2#

2v11 @v.~a11!/2# ~a50.02!,
~2!

andn(t) is Gaussian white noise with zero mean,

^n~ t !&50,

^n~ t1!n~ t2!&5d~ t12t2!. ~3!

Three kinds of noise are added to the first element: multi
cative noise on the fast variablev1 through the nonlinear
function f with strengths f ~a!, additive noise on the fas
variablev1 with strengthsv ~b!, and additive noise on the
slow variablew1 with strengthsw ~c!. @Note that the multi-
plicative noise~a! is realized as fluctuations in bias voltag
©2001 The American Physical Society05-1
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FIG. 1. Mean, SD, and CV of the interspike intervals in the second element vs noise strengths f ~a!, sv ~b!, andsw ~c! with coupling
strengthD51.0, 0.25, 0.1, 0.04, 0.02, and 0.0125; the multiplicative noise onv1 ~a!, the additive noise onv1 ~b!, and the additive noise on
w1 ~b!. ~Note that the axes of the mean, SD, and CV are truncated at 1200, 300, and 0.5, respectively.!
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in the analog circuit, although it may seem to be artificia#
Equation~1! is numerically calculated by the simple Eul
method withDt50.2.

Spikes are generated in the first element by the noise
are transmitted to the second element. Figure 1 shows
mean, standard deviation, and coefficient of variation~stan-
dard deviation divided by the mean! of the interspike inter-
vals in the second element plotted against the noise stre
s f ~a!, sv ~b!, andsw ~c!. In each case the strength of th
other noise is set to be 0 and 105 interspike intervals are use
for estimation. The values of the coupling strength areD
51.0, 0.25, 0.1, 0.04, 0.02, and 0.0125.

When the coupling strength is large (D51.0), the usual
coherence resonance is obtained, i.e., the CV of the in
spike intervals takes a minimum value at an intermed
noise strength.@Note that the CV increases to 1~Poisson
process! as the noise weakens to zero, which cannot be s
since the axes of the CV are truncated at 0.5 in Fig. 1. T
axes of the mean and SD are also truncated, at 1200 and
respectively.# As the coupling strength decreases, howev
minimal points appear in the graphs of the mean and SD~as
well as the CV! of the interspike intervals against the noi
strength onv1 ~a! and~b!. There are, for instance, one min
mal point for D50.25, two points forD50.1, three points
for D50.04, and four points forD50.02 in the mean for the
multiplicative noise onv1 ~a!. ~The spikes in the first ele
ment do not generate spikes in the second element
D50.01.!
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Two features are of interest. One is that not only the C
but also the mean and SD of the interspike intervals t
minimal values.~This absolute coherence resonance w
found in propagating spikes in@8#.! The other is that they
have multiple minimal points as the coupling strength b
comes small. Note that these multiple peaks are clear o
for the noises onv1 ~a! and~b!, not for the noise onw1 ~c!.

Figure 2 shows the time seriesv1 and v2 with D50.04
for the multiplicative noise onv1 . The spikes in the secon
element are generated in the ratio 1:1 to those in the
element at the first minimal points f50.04~a! and 1:2 at the
second minimal points f50.15~c!. The ratio of the spikes in
the second element to those in the first element is less th
between the minimal points@s f50.07~b!#. This decrease in
the transmission ratio causes increases in the mean and S
the interspike intervals in the second element. The situa
is similar to the well-known phase locking that is observed
the firing of actual and model neurons with periodic stimu
pulses@9#. That is, the noise generates spikes in the fi
element, the mean of the interspike intervals of which d
creases monotonically as the noise strengthens. The spik
the first element play the role of stimulus pulses for the s
ond element. The mean of the interspike intervals in the s
ond element decreases as the noise strengthens whe
spikes are phase locked to those in the first element.
mean of the interspike intervals increases, however, when
locking ratio drops, e.g., from 1:1 to 1:2.
5-2
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COHERENCE RESONANCE WITH MULTIPLE PEAKS IN . . . PHYSICAL REVIEW E64 031905
The multiple peaks in the mean, SD, and CV of the int
spike intervals occur within the range of noise strengths
biological interest. Fluctuations in the time seriesv1 due to
the noise increase and the proper forms of the spikes in
first element are unclear ats f50.3, as shown in Fig. 2~d!. As
the noise strengthens further, the first element stops wor
as an excitable element and merely transmits to the sec
element fluctuations due to the noise, resulting in a sin
element with additive noise.~The irregularity of spiking in
the second element then increases at this strong noise le!
This high noise strength at which the first element loses
excitable properties is meaningless in an actual nervous
tem. Multiple coherence resonance occurs at an approp
noise level where the first element retains its excitable pr
erties.

It is noted that the coupling has little effect on the pro

FIG. 2. Time seriesv1 andv2 with D50.04 for the multiplica-
tive noise onv1 with s f50.04 ~a!, 0.07 ~b!, 0.15 ~c!, and 0.3~d!.
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erties of the spikes of the first element. Those properties
similar to the properties in a single element with noise. F
ther, when the noise is added to the second element also
properties of the spikes in both elements are similar to th
in a single element with noise. In both cases, the usual
herence resonance is observed. The multiple coherence
nance is caused by phase locking and transmission failure
the spikes between the two elements.

III. CIRCUIT EXPERIMENT

Coherence resonance with multiple peaks was obse
also in an experiment on an analog circuit for the coup
FitzHugh-Nagumo model. The circuit was made with ope
tional amplifiers as shown in Fig. 3@10#. The model equa-
tions are

C1dv1 /dt5~v22v1!/r 1 f ~v1 ;Vc ,VM1sn!

2v1 /R42~12R3 /R4!w1 ,

L dw1 /dt5v12R3w1 ,

C1dv2 /dt5~v12v2!/r 1 f ~v2 ;Vc ,VM !

2v2 /R42~12R3 /R4!w2 ,

L dw2 /dt5v22R3w2 ~L5C2R3R4!, ~4!

where f (v;Vc ,VM) is a piecewise linear function:

f ~v;Vc ,VM !

5H ~2Vc2v !/R1 @v<~2Vc1VM !/2#

~v2VM !/R1 @~2Vc1VM !/2,v,~Vc1VM !/2#

~Vc2v !/R1 @v>~Vc1VM !/2#.

~5!

The values of the parameters are as follows: OP1,2 ~Opera-
tional Amplifier RC4558!, Vc510 V ~voltage of power sup-
ply to OP1!, VM53.85 V, C150.1mF, C251 mF, R1
52.2 kV, R25100 kV, R351 kV, R4510 kV, and r
5100 kV. The white noise sourcen is added to the bias
voltage VM in the first element, which corresponds to th
multiplicative noisen on v1 ~a! in the simulation. The results
are shown in Fig. 4,

FIG. 3. Analog circuit for the coupled FitzHugh-Nagum
model.
5-3
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YO HORIKAWA PHYSICAL REVIEW E 64 031905
in which the mean, SD, and CV of the interspike intervals
the second element are plotted against the noise strengs
~dots!. The recording time is 100 sec for eachs. There are
two minimal points in the graph of the mean, ats50.4 and
2.4 V, which correspond to 1:1 and 1:2 locking, respective

The results of the numerical calculation of Eqs.~4! and
~5! are also plotted in Fig. 4~dashed lines!. Although the
qualitative features of the experimental results, e.g.,
minimal points in the mean of the interspike intervals, a
reproduced, the mean and SD of the interspike interval
the experiment are larger than those obtained in the sim
tion, particularly for smalls. This difference is due to the
fact that variations in the interspike intervals in the first e
ment are larger in the experiment than in the simulation. T
mean and SD of the interspike intervals in the second
ment, which are generated by the spikes in the first elem
consequently become large in the experiment. By compa
the time seriesv1 of the first elements in the experiment an
simulation, it can be shown that most spikes in the first e
ment in the experiment are generated as regularly as tho
the simulation, but there are several spike generation failu
in the experiment.~The corresponding interspike interva
are approximately doubled because of these spike failur!
The reason for the spike failures in the first element in
experiment is unclear.

IV. DISCUSSION

Multiple coherence resonance in the coupled FitzHu
Nagumo model was studied; spatial distributions of an ac
neuron were taken into account. Most neurons have com

FIG. 4. Mean, SD, and CV of the interspike intervals in t
second element vs the noise strengths in the experiment on the
analog circuit~dots! and in the numerical calculation of Eqs.~4! and
~5! ~dashed lines!.
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cated shapes, and the properties of the membrane vary
cording to region. There are regions in which the safety f
tor of spike propagation is reduced because of a chang
the diameter of an axon or because of the branching o
axon, as well as regions in which decreases in channel d
sity lower the excitability of the membrane. The low safe
factor and low excitability weaken the coupling in th
coupled FitzHugh-Nagumo model; this weakening can,
turn, prevent spikes from being transmitted. In compu
simulations on spatially distributed and inhomogeneo
models, such transmission and propagation failures h
caused interesting properties: for example, nonmonotoni
in the firing rate in a coupled FitzHugh-Nagumo model@11#,
differential propagation due to noise at a branching point o
nerve fiber@12#, and bifurcation and chaos in the decreme
tal propagation in a nerve fiber of low excitability@13#. @It is
noted that a single unit model is called the Bonhoeffer–v
der Pol model and that a spatially extended model with
diffusion term is called the FitzHugh-Nagumo~FHN! model,
as there has been confusion in their recent use.# The multiple
peaks in the mean of the interspike intervals in the coup
FitzHugh-Nagumo model due to small coupling streng
cause nonmonotonic relations in the response of a neuro
the variations in input. The second element can code
variance of the input to the mean of the interspike interv
~the mean firing frequency! nonmonotonically, which a
single element can never do. It is known that nonmonoton
ity in the response of a neuron improves the performance
multilayer networks@14# and the capacity of associativ
memory@15#. Although the significance of the multiple co
herence resonance in signal processing in nervous syste
not clear, it can contribute to the formation of the comp
cated nonlinear functions of a single neuron.

The multiple peaks in the coherence of the coupled F
model are due to phase locking and to changes in the
sponse ratio of the second element to the first element.
known that, when periodic stimulus pulses are added t
single element, the spikes are generated phase locked t
stimulus pulses. Spikes are not generated when the perio
the stimulus pulses decreases to the refractory period, h
ever. Consequently, a 1:2 response occurs after the 1:1
sponse, usually through (n21):n responses@9#. The spikes
in the first element play the role of stimulus pulses to t
second element in the coupled model with noise. When
spikes in the first element are rather regular~i.e., when the
CV of the interspike intervals is small!, the mean of the
interspike intervals in the first element is considered to be
period of the stimulus pulses, which decreases as the n
strengthens. The transitions from the 1:1 through then
21):n to the 1:2 response in the spikes in the second
ment are not clear, owing to the small variations in the int
spike intervals in the first element. But an increase in
mean of the interspike intervals is observed in the sec
element during the changes in the response from 1:1 to
Increases in the mean of the interspike intervals in the sec
element can be observed at the changes from the 1:2 to
response and from the 1:3 to the 1:4 response, causing
multiple peaks.

Figure 5 shows a schematic diagram of the firing r
5-4
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COHERENCE RESONANCE WITH MULTIPLE PEAKS IN . . . PHYSICAL REVIEW E64 031905
~response ratio! of a single element responding to period
stimulus pulses in the plane of the amplitudeA and periodT
of the stimulus pulses. In the coupled model with noise c
sidered here, the periodT corresponds to the mean of th
interspike intervals in the first element, and the amplitudeA
corresponds to the coupling strength. As the noise stren
ens, the mean of the interspike intervals in the first elem
decreases and the point in the diagram moves to the
When the coupling strength of the two elements is large~A is
large!, the point moves in the upper regions upward a
stays in the region of 1:1 response, i.e., each spike in the
element causes a spike in the second element.~The noise
further strengthens, the proper forms of the spikes in the
element disappear, and the phase locking becomes unc!
When the coupling strength is small, however, the po
moves in the lower regions and enters the region of a
~and 1:n! response when the spikes in the first element s
retain their proper forms.

Therefore, in order to reach multiple coherence resona
due to phase locking it is crucial that variations in the int
spike intervals in the first element are small. This is the r
son that coherence resonance with multiple peaks does
clearly appear in the noise onw1 ~c!. It can be seen from Fig
1 that the CV of the interspike intervals for the noise onw1
~c! is larger than that for the noise onv1 ~a! and ~b!. For
example, the minimum values of CV are about 0.1 in~a! and
~b!, and about 0.3 in~c!, whenD51.0.

Further, coherence resonance with multiple peaks is
obtained when a cubic function is used asf (v) in Eq. ~1!
instead of the piecewise linear function@Eq. ~2!#. The use of
a cubic function increases the size of variations in the in
spike intervals in the first element. The results of compu

FIG. 5. Schematic diagram of the firing rate~response ratio! of
a single element responding to periodic stimulus pulses in the p
of the amplitudeA and periodT of the stimulus pulses.
v
s.

s.
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simulation in which we change the form of the nonline
function f show that the variations in the interspike interva
in the first element are small enough to cause multiple
herence resonance when the maximal point ofw5 f (v) is so
large that the trajectory after the spike jumps to a point
the left branch ofw5 f (v), far from the resting point~0,0!.
The recovery process from the jump end point to the res
point on the branch is expressed by the Wiener process
drift or by the Ornstein-Uhlenbeck process@16#. The mean
and variance of the sojourn time on the branch until the n
spike generation are approximately proportional to the d
tance between the jump end point and the resting point.
CV of the sojourn time then decreases inversely to the squ
root of the distance. The sojourn time occupies most of
interspike interval, and thus the variations in the intersp
intervals decrease.

Finally, it is noted that there is a difference between t
mean of the interspike intervals for the multiplicative noi
~a! and that for the additive noise~b! and ~c!. It is expected
that the mean of the interspike intervals tends to zero in
limit of large noise strength. In fact, the mean of the inte
spike intervals gradually decreases as the additive noise~b!,
~c! strengthens. The mean of the interspike intervals
creases and fewer spikes are generated as the noise stre
ens, however, when the coupling strength is small for
multiplicative noise~a!. For instance, the mean of the inte
spike intervals tends to infinity and no spikes are genera
ass f increases over 0.25 forD50.0125 in Fig. 1~a!. This is
because the amplitude of the spikes in the first element
creases as the multiplicative noise strengthens, as can be
in Fig. 2~d!. Consequently, the first element cannot gener
spikes in the second element at intermediate noise stren
The multiplicative noise changes the form of the nonline
function f and reduces the excitability of the first elemen
while the additive noise only gives larger fluctuations.

In summary, it was shown by computer simulation and
circuit experiment that coherence resonance with multi
peaks occurs in the coupled FitzHugh-Nagumo model. T
mean and SD, as well as the CV, of the interspike interval
the second element take one or more minimum values
intermediate noise strengths when the coupling strengt
small. These multiple peaks appear when the variation
the interspike intervals in the first element generated by
noise are small~only in the piecewise linear model with th
noise on the fast variable!. Multiple coherence resonance
caused by the phase locking~generated by the noise! of the
spikes in the second element to those in the first element
noise-induced phase locking.
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