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Coherence resonance with multiple peaks in a coupled FitzHugh-Nagumo model
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Coherence resonance in a coupled excitable system is studied, through both a computer simulation and a
circuit experiment, using a piecewise linear version of the FitzHugh-Nagumo model. White noise is added to
the first element and spikes are accordingly generated and transmitted to the second element. The mean,
standard deviation, and coefficient of variation of the interspike intervals in the second element have multiple
peaks as the noise strengthens, when the coupling strength is small. This results from the phase locking to the
spikes that the noise generates.
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[. INTRODUCTION and the coupling strength is small. Section Il shows the
results of an experiment on an analog circuit for the coupled
Coherence resonanéstochastic resonance without input FitzHugh-Nagumo model. Two peaks in the mean, SD, and
signalg, i.e., the phenomenon in which the regularity of os-CV of the interspike intervals in the second element are also
cillation is optimal at an intermediate noise strength, has reobserved. Finally, the relevance of these results to neural
cently received considerable attention. Coherence resonanginal processing, the mechanism that causes the multiple
was first found in some limit cycle mode[d], and was coherence resonance, and the effects of the noise properties
Shown to occur in excitab|e media, e_g_, the FitzHugh_and the form of the nonlinear function in the F|tZHUgh'
Nagumo modef2], the Plant modé€]3], the Hodgkin-Huxley ~Nagumo model are discussed in Sec. IV.
model [4], monovibrator circuitd5], and a semiconductor
laser with optical feedbac}6]. Il. COMPUTER SIMULATION
The single element models i2—4] are, however, too . . . L .
simple to allow the activity of an actual neuron to be studied. In our computer simulation, two piecewise linear versions

Most neurons have complicated shapes, particularly bifurcac-)f the FitzHugh-Nagumo model with noise are used:

tion patterns in dendrites and axon terminals. Furthermore, _ _ _

the properties of the nerve membrane, e.g., the density and dva(D/dI=D () ~01(D)+1E1(H) ~oin(t)
kind of ion channels, depend on regions in a single cell. In —wy(t)+o,n(t),

this study, coherence resonance in a coupled FitzHugh-

Nagumo mode]7], incorporating the spatial distributions of dwy(t)/dt=ev(t)+oyn(t),

a nerve cell, is studied through both a computer simulation
and a circuit experiment. White noise is added to the first dv,(t)/dt=D(v(t) —vo(t))+ f(va(t))—wy(t),
element so that spikes generate in the first element and trans-

mit to the second element. When the strength of the coupling dw,(t)/dt=cv,(t), (£=0.0D), (1)
between the two elements is small, the spikes may fail to

transmit from the first element to the second, as a result of #here D is the strength of couplingf(v) is a piecewise
refractory period. This is a simplified model of the propaga-linear function,

tion failures of spikes observed in regions of low safety fac-

tor in a nerve fiber, e.g., due to branching or increasing di- v [v=a/2]

ameter. Although coupled excitable systems were studied in  f(y)={ v—a [al2<v=<(a+1)/2]

[5], spike transmission failures were not considered. The ir- B -~

regularity of spiking in the second element may depend on o+l [v>(a+1)/2] (a=0.02,

e ; 2
such transmission failures as well as on the coherence reso-
nance in the first element. andn(t) is Gaussian white noise with zero mean,
This paper is organized as follows. In Sec. Il, the method
and results of the computer simulation are shown. Three (n(t))=0,
kinds of noise are added to the first element in a coupled
piecewise linear FitzHugh-Nagumo model, and the spikes in (n(ty)n(ty))=8(t1—ty). 3)

the second element are observed. It is shown that the irregu-

larity of spiking in the second element changes depending omhree kinds of noise are added to the first element: multipli-
the kind of noise and the strength of the coupling. It is ofcative noise on the fast variabte, through the nonlinear
particular interest that the mean and standard devigBay,  function f with strengtho; (a), additive noise on the fast
as well as the coefficient of variatiqi€V), of the interspike variablev; with strengtheo, (b), and additive noise on the
intervals in the second element have multiple peaks as thglow variablew,; with strengtho,, (c). [Note that the multi-
noise strengthens, when noise is added to the fast variabfgicative noise(a) is realized as fluctuations in bias voltage
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FIG. 1. Meaﬁ, SD, and CV of the interspike intervals in the second element vs noise swergtho, (b), anda,, (c) with coupling
strengthD=1.0, 0.25, 0.1, 0.04, 0.02, and 0.0125; the multiplicative noise,of®), the additive noise on; (b), and the additive noise on
w; (b). (Note that the axes of the mean, SD, and CV are truncated at 1200, 300, and 0.5, respectively.

in the analog circuit, although it may seem to be artifi¢ial.  Two features are of interest. One is that not only the CV
Equation(1) is numerically calculated by the simple Euler but also the mean and SD of the interspike intervals take
method withAt=0.2. minimal values.(This absolute coherence resonance was
Spikes are generated in the first element by the noise angyng in propagating spikes if8].) The other is that they
are transmitted to the second element. Figure 1 shows thg,e multiple minimal points as the coupling strength be-

mean, standard deviation, and coefficient of variafistan- -
dard deviation divided by the mepof the interspike inter- corn:ﬁs r??:‘e”é ’;IOte (;?zznt:(ebs)enn;tu Lg?lagenili(sseaorzvd(egr only
vals in the second element plotted against the noise streng{R : Wy ' 1\

o¢ @), o, (b), anda,, (). In each case the strength of the  F1gure 2 shows the time series andv, with D=0.04
other noise is set to be 0 and®literspike intervals are used for the multiplicative noise ow,. The spikes in the second
for estimation. The values of the coupling strength Bre €lement are generated in the ratio 1:1 to those in the first
=1.0, 0.25, 0.1, 0.04, 0.02, and 0.0125. element at the first minimal point; =0.04(a) and 1:2 at the
When the coupling strength is larg® £1.0), the usual second minimal poind-¢=0.15(c). The ratio of the spikes in
coherence resonance is obtained, i.e., the CV of the intethe second element to those in the first element is less than 1
spike intervals takes a minimum value at an intermediatdetween the minimal poinf{ss;=0.07(b)]. This decrease in
noise strength[Note that the CV increases to (Poisson the transmission ratio causes increases in the mean and SD of
proces$ as the noise weakens to zero, which cannot be seethe interspike intervals in the second element. The situation
since the axes of the CV are truncated at 0.5 in Fig. 1. Thés similar to the well-known phase locking that is observed in
axes of the mean and SD are also truncated, at 1200 and 3G6e firing of actual and model neurons with periodic stimulus
respectivell As the coupling strength decreases, howeverpulses[9]. That is, the noise generates spikes in the first
minimal points appear in the graphs of the mean and&D element, the mean of the interspike intervals of which de-
well as the CV of the interspike intervals against the noise creases monotonically as the noise strengthens. The spikes in
strength orv, (a) and(b). There are, for instance, one mini- the first element play the role of stimulus pulses for the sec-
mal point forD=0.25, two points forD=0.1, three points ond element. The mean of the interspike intervals in the sec-
for D=0.04, and four points fob =0.02 in the mean for the ond element decreases as the noise strengthens when the
multiplicative noise orv; (a). (The spikes in the first ele- spikes are phase locked to those in the first element. The
ment do not generate spikes in the second element fanean of the interspike intervals increases, however, when the
D=0.01) locking ratio drops, e.g., from 1:1 to 1:2.
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10 v+
cos M- ’l“l,H,l
_g:g \ | ; FIG. 3. Analog circuit for the coupled FitzHugh-Nagumo
0 2000 4000 , 6000 8000 10000 model.
N (1).3 T - erties of the spikes of the first element. Those properties are
> 00 ) L’WVMFM’“/’! similar to the properties in a single element with noise. Fur-
05 ‘ ‘ ‘ ther, when the noise is added to the second element also, the
0 2000 4000 , 6000 ~ 8000 10000 properties of the spikes in both elements are similar to those
in a single element with noise. In both cases, the usual co-
(c) or=0.15 herence resonance is observed. The multiple coherence reso-
10 nance is caused by phase locking and transmission failures of
38 WWW I _W,WW“ ! the spikes between the two elements.
_0:5 Ladididd f Ldad ddiids
0 2000 4000 " 6000 8000 10000 1. CIRCUIT EXPERIMENT
§6;‘5’ Coherence resonance with multiple peaks was observed
_8-g also in an experiment on an analog circuit for the coupled
0 2000 4000 6000 8000 10000 EltzHugh-N.a.gumo model. The circuit was made with opera-
t tional amplifiers as shown in Fig. @0]. The model equa-
tions are
(d) o¢=0.30
(I)g CldUl/dt:(Uz_vl)/r+f(Ul;VC,VM+(Tn)
> 00
-05 _Ul/R4_(1_R3/R4)W1,
0 2000 4000 , 6000 8000 10000
10 e L dW]_/dt:U]__ R3W1,
;015 e B e -
8g K Cldvz/dt:(vl—vz)/r+f(vz;Vc,VM)
0 2000 4000 , 6000 8000 10000 —v2/R;— (1—R3/Ry)W,,
FIG. 2. Time serie®; andv, with D=0.04 for the multiplica- Ldw,/dt=v,—Rsw, (L=C,R3R,), (4)

tive noise onv; with o¢=0.04(a), 0.07 (b), 0.15(c), and 0.3(d). ) ) . . )
wheref(v;V.,Vy) is a piecewise linear function:

The multiple peaks in the mean, SD, and CV of the inter- (v:Ve V)

spike intervals occur within the range of noise strengths off e TM

biological interest. Fluctuations in the time serigsdue to (=Ve—v)IRy [v=<(—V+Vy)i2]

the noise increase and the proper forms of the spikes in the

first element are unclear at=0.3, as shown in Fig.(d). As =1 @=VW/Ry [(=VetVw2<o<(VetVi)/2]

the noise strengthens further, the first element stops working (Ve—v)/Ry [v=(Vc+Vw)/2].

as an excitable element and merely transmits to the second (5)

element fluctuations due to the noise, resulting in a single

element with additive noisgThe irregularity of spiking in  The values of the parameters are as follows: ; O®pera-

the second element then increases at this strong noise) levetional Amplifier RC4558, V.=10V (voltage of power sup-

This high noise strength at which the first element loses itply to OR), Vy=3.85V, C;=0.1uF, Cy=1uF, R;

excitable properties is meaningless in an actual nervous sys=2.2k), R,=100K), Rz=1kQ, R,;=10kQ, and r

tem. Multiple coherence resonance occurs at an appropriate 100 K)2. The white noise sourca is added to the bias

noise level where the first element retains its excitable propvoltage V), in the first element, which corresponds to the

erties. multiplicative noisen onv (a) in the simulation. The results
It is noted that the coupling has little effect on the prop-are shown in Fig. 4,
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550 cated shapes, and the properties of the membrane vary ac-
g 40 -* I cording to region. There are regions in which the safety fac-
E30 | [T rneeseneneet tor of spike propagation is reduced because of a change in
§ fg - - the diameter of an axon or because of the branching of an
Z axon, as well as regions in which decreases in channel den-
00 10 20 30 40 sity lower the excitability of the membrane. The low safety
e V) factor and low excitability weaken the coupling in the
12 coupled FitzHugh-Nagumo model; this weakening can, in
510 turn, prevent spikes from being transmitted. In computer
°E=3 8 simulations on spatially distributed and inhomogeneous
~ 2 models, such transmission and propagation failures have
? caused interesting properties: for example, honmonotonicity
0 in the firing rate in a coupled FitzHugh-Nagumo mopEl],
0.0 10 20 3.0 4.0 differential propagation due to noise at a branching point of a
o W nerve fiber{12], and bifurcation and chaos in the decremen-
04 = tal propagation in a nerve fiber of low excitabilit§3]. [It is
03 "3.,..‘,‘ e : noted that a single unit model is called the Bonhoeffer—van
202 |4 - der Pol model and that a spatially extended model with a
01 Tossgssegicesseitt ORIl diffusion term is called the FitzHugh-Naguni®HN) model,
00 , as ther_e has been confusiqn in th_eir r_ecent]uﬁqae multiple
' 0.0 10 20 20 40 peaks in the mean of the interspike intervals in the coupled

o W) FitzHugh-Nagumo model due to small coupling strength
cause nonmonotonic relations in the response of a neuron to

FIG. 4. Mean, SD, and CV of the interspike intervals in the the variations in input. The second element can code the
second element vs the noise strengthin the experiment on the variance of the input to the mean of the interspike intervals
analog circuit(dots and in the numerical calculation of Eqd) and  (the mean firing frequengy nonmonotonically, which a
(5) (dashed lines single element can never do. It is known that nonmonotonic-

ity in the response of a neuron improves the performance of
in which the mean, SD, and CV of the interspike intervals inmultilayer networks[14] and the capacity of associative
the second element are plotted against the noise strengthmemory[15]. Although the significance of the multiple co-
(dots. The recording time is 100 sec for eash There are  herence resonance in signal processing in nervous systems is
two minimal points in the graph of the mean,&t0.4 and  not clear, it can contribute to the formation of the compli-
2.4V, which correspond to 1:1 and 1:2 locking, respectively.cated nonlinear functions of a single neuron.

The results of the numerical calculation of E¢4) and The multiple peaks in the coherence of the coupled FHN
(5) are also plotted in Fig. 4dashed lines Although the model are due to phase locking and to changes in the re-
qualitative features of the experimental results, e.g., twaponse ratio of the second element to the first element. It is
minimal points in the mean of the interspike intervals, areknown that, when periodic stimulus pulses are added to a
reproduced, the mean and SD of the interspike intervals igingle element, the spikes are generated phase locked to the
the experiment are larger than those obtained in the simulatimulus pulses. Spikes are not generated when the period of
tion, particularly for smalle. This difference is due to the the stimulus pulses decreases to the refractory period, how-
fact that variations in the interspike intervals in the first ele-ever. Consequently, a 1:2 response occurs after the 1:1 re-
ment are larger in the experiment than in the simulation. Thgponse, usually througm1):n response§9]. The spikes
mean and SD of the interspike intervals in the second elein the first element play the role of stimulus pulses to the
ment, which are generated by the spikes in the first elemengecond element in the coupled model with noise. When the
consequently become large in the experiment. By comparingpikes in the first element are rather reguliae., when the
the time seriew ; of the first elements in the experiment and CV of the interspike intervals is smallthe mean of the
simulation, it can be shown that most spikes in the first eleinterspike intervals in the first element is considered to be the
ment in the experiment are generated as regularly as those period of the stimulus pulses, which decreases as the noise
the simulation, but there are several spike generation failurestrengthens. The transitions from the 1:1 through the (
in the experiment(The corresponding interspike intervals —1):n to the 1:2 response in the spikes in the second ele-
are approximately doubled because of these spike faijuresment are not clear, owing to the small variations in the inter-
The reason for the spike failures in the first element in thespike intervals in the first element. But an increase in the

experiment is unclear. mean of the interspike intervals is observed in the second
element during the changes in the response from 1:1 to 1:2.
IV DISCUSSION Increases in the mean of the interspike intervals in the second

element can be observed at the changes from the 1:2 to 1:3
Multiple coherence resonance in the coupled FitzHughtesponse and from the 1:3 to the 1:4 response, causing the
Nagumo model was studied; spatial distributions of an actuainultiple peaks.
neuron were taken into account. Most neurons have compli- Figure 5 shows a schematic diagram of the firing rate
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large o simulation in which we change the form of the nonlinear
functionf show that the variations in the interspike intervals
in the first element are small enough to cause multiple co-
herence resonance when the maximal poinveff(v) is so
large that the trajectory after the spike jumps to a point on
the left branch ofv=f(v), far from the resting point0,0).
small The recovery process from the jump end point to the resting
point on the branch is expressed by the Wiener process with
drift or by the Ornstein-Uhlenbeck procegks]. The mean
and variance of the sojourn time on the branch until the next
T spike generation are approximately proportional to the dis-
tance between the jump end point and the resting point. The
FIG. 5. Schematic diagram of the firing rate@sponse ratjoof ~ CV of the sojourn time then decreases inversely to the square
a single element responding to periodic stimulus pulses in the plangot of the distance. The sojourn time occupies most of the
of the amplitudeA and periodT of the stimulus pulses. interspike interval, and thus the variations in the interspike
intervals decrease.
(response ratioof a single element responding to periodic  Finally, it is noted that there is a difference between the
stimulus pulses in the plane of the amplitul@nd periodT  mean of the interspike intervals for the multiplicative noise
of the stimulus pulses. In the coupled model with noise con{a) and that for the additive nois@) and(c). It is expected
sidered here, the perio@l corresponds to the mean of the that the mean of the interspike intervals tends to zero in the
interspike intervals in the first element, and the amplitdde [imit of large noise strength. In fact, the mean of the inter-
corresponds to the coupling strength. As the noise strengthepike intervals gradually decreases as the additive ribise
ens, the mean of the interspike intervals in the first elemenfc) strengthens. The mean of the interspike intervals in-
decreases and the point in the diagram moves to the leftreases and fewer spikes are generated as the noise strength-
When the coupling strength of the two elements is la®gss  ens, however, when the coupling strength is small for the
large), the point moves in the upper regions upward andmultiplicative noise(a). For instance, the mean of the inter-
stays in the region of 1:1 response, i.e., each spike in the firgipike intervals tends to infinity and no spikes are generated
element causes a spike in the second elem@ite noise  aso; increases over 0.25 f@=0.0125 in Fig. 1a). This is
further strengthens, the proper forms of the spikes in the firshecause the amplitude of the spikes in the first element de-
element disappear, and the phase locking becomes uncleagreases as the multiplicative noise strengthens, as can be seen
When the coupling strength is small, however, the pointin Fig. 2(d). Consequently, the first element cannot generate
moves in the lower regions and enters the region of a 1:2pikes in the second element at intermediate noise strength.
(and 1n) response when the spikes in the first element stillThe multiplicative noise changes the form of the nonlinear
retain their proper forms. function f and reduces the excitability of the first element,
Therefore, in order to reach multiple coherence resonancghile the additive noise only gives larger fluctuations.
due to phase locking it is crucial that variations in the inter-  In summary, it was shown by computer simulation and a
spike intervals in the first element are small. This is the reacircuit experiment that coherence resonance with multiple
son that coherence resonance with multiple peaks does npeaks occurs in the coupled FitzHugh-Nagumo model. The
clearly appear in the noise aw, (c). It can be seen from Fig. mean and SD, as well as the CV, of the interspike intervals in
1 that the CV of the interspike intervals for the noisevon  the second element take one or more minimum values at
(c) is larger than that for the noise an (a) and (b). For  intermediate noise strengths when the coupling strength is
example, the minimum values of CV are about 0.1anand  small. These multiple peaks appear when the variations in
(b), and about 0.3 irfic), whenD=1.0. the interspike intervals in the first element generated by the
Further, coherence resonance with multiple peaks is natoise are smallonly in the piecewise linear model with the
obtained when a cubic function is used fd®) in Eg. (1)  noise on the fast variableMultiple coherence resonance is
instead of the piecewise linear functipeg. (2)]. The use of caused by the phase lockitigenerated by the noisef the
a cubic function increases the size of variations in the interspikes in the second element to those in the first element, the
spike intervals in the first element. The results of computenoise-induced phase locking.
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